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Abstract

This paper presents a general framework for obtaining analytic solutions for finite elastic isotropic solid cylinders
subjected to arbitrary surface load. The method of solution uses the displacement function approach to uncouple
the equations of equilibrium. The most general solution forms for the two displacement functions for solid cylinders
are proposed in terms of infinite series, with z- and 6-dependencies in terms of trigonometric and hyperbolic
functions, and with r-dependency in terms of Bessel and modified Bessel functions of the first kind of fractional
order. All possible combinations of odd and even dependencies of 0 and z are included; and the curved boundary
loads are expanded into double Fourier Series expansion, while the end boundary loads are expanded into Fourier—
Bessel expansion. It is showed analytically that only one set of the end boundary conditions needs to be satisfied. A
system of simultaneous equations for the unknown constants is given independent of the type of the boundary
loads. This new approach provides the most general theory for the stress analysis of elastic isotropic solid circular
cylinders of finite length. Application of the present solution to the stress analysis for the double-punch test is
presented in Part II of this study. © 2000 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Solid circular cylinders are the most commonly used specimens in various standard tests in
engineering application, such as the uniaxial compressive strength test, the triaxial compressive strength
test, the Brazilian test, the double-punch test, the block punch index test and the point load strength
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test. In fact, the stress analysis of elastic solid circular cylinders is one of the most fundamental
problems in theoretical elasticity and has a rich history in solid mechanics.

Pochhammer (1876) appears to be the first to propose a general analytic solution for an infinite
circular cylinder subjected to arbitrary surface loads, the same solution was also derived independently
by Chree (1889). A typical example of axisymmetric problems for infinite cylinders is the problem of
applying band pressure on the curved surface (Timoshenko and Goodier, 1982; Williams, 1996). If the
cylinder is semi-infinite in length, the problem has been considered by Horvay and Mirabal (1958).

For finite-solid circular cylinders subjected to arbitrary loads, Dougall (1914) employed three
displacement functions and proposed an approximate approach for the stress analysis. Chree (1889) also
included a discussion on the stress analysis of a finite cylinder under surface traction in the last section
of his pioneering work, but only some restrictive types of surface traction are discussed. For
axisymmetric deformations of finite cylinders, Filon (1902) presented an analytic approach for the stress
analysis, and provided the first analytic solution considering the effect of friction between the loading
platens and the end surfaces of a solid cylinder on the non-uniform stress distribution within the
cylinder under compression. Employing Love (1944) stress function, Saito (1952, 1954) also proposed a
general solution form for axisymmetric stress analysis, in terms of Bessel and modified Bessel functions
of the first kind of zero and first orders for r-dependency, and in terms of trigonometric and hyperbolic
functions in z-dependency. Using a similar solution technique of series expansion, Ogaki and Nakajima
(1983) proposed appropriate forms for two stress functions and analyzed the stress field in a solid
circular cylinder subjected to parabolically distributed loads on the central part of the end surfaces. By
using Saito’s (1952) approach, Watanabe (1996) derived an analytic solution for axisymmetric finite
cylinders under the uniaxial and confined compression tests, in which the radial displacement at the ends
is partially constrained. Actually, the problem of compression test on solid finite cylinders with end
friction has been the subject of a number of theoretical studies (e.g. Kimura, 1931; Pickett, 1944;
Edelman, 1948; Balla, 1960a, 1960b; Brady, 1971; Peng, 1971; Al-Chalabi and Huang, 1974; Al-Chalabi
et al., 1974; Chau, 1997, 1998b). This analysis has been found useful in the interpretation of the strength
of rock in uniaxial and triaxial tests (Kotte and Berczes, 1969). For problems with displacements applied
on the end surfaces and with zero traction on the curved surface, Robert and Keer (1987a, 1987b)
considered the stress singularities at the flat ends of the cylinder. Wei et al. (1999) used the displacement
function approach and presented an analytic solution for the axial Point Load Strength Test (PLST),
which provides an improvement over the approximation by Wijk (1978). Another type of problems of
finite solid cylinders that has been solved analytically is the torsion problem. For example, the twisting
of a finite cylinder by a pair of identical annular stamps attached to its ends was considered by
Hasegawa (1984), and the twisting of a finite solid cylinder with free curved surface and fixed base by a
rigid die attached to the top surface was considered by Gladwell and Lemczyk (1990). Except for the
studies by Dougall (1914) and Chree (1889), all of these analyses are only restricted to axisymmetric
problems of finite elastic cylinders; while Dougall’s (1914) approach is of approximate nature and
Chree’s (1889) discussion is rather restrictive.

For non-axisymmetric deformations of finite solid cylinders, Wijk (1980) derived a simple
approximation for the tensile stress at the center of a cylinder subjected to the diametral PLST, in which
two point forces are diametrically applied on the curved surface of the cylinder. Chau (1998a)
introduced two displacement functions and derived a solution for a finite circular cylinder under the
action of two diametral indentors and with constrained shear displacements on the two end surfaces.
This solution, however, is only an approximation for cylinders under the diametral PLST. To model the
actual traction free end boundaries (which is the realistic boundary condition for the PLST), Chau and
Wei (1999) proposed more general solution forms for the two displacement functions such that all
boundary conditions are satisfied exactly. However, there is no closed-form solution for finite elastic
circular cylinders under arbitrary loads on the curved and end surfaces.
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Therefore, this paper, Part I of the present study, presents a general analytic solution for finite elastic
isotropic solid cylinders under arbitrary surface load. The method of solution is generalized from those
used by Wei et al. (1999) and Chau and Wei (1999). Complete solution forms for the displacement
functions are introduced here such that any traction problems of finite isotropic solid cylinders can be
solved exactly. The tractions on the curved surface are expanded into double Fourier series expansion,
while the tractions on the end surfaces are expanded into Fourier—Bessel series expansion, in order to
match the internal stress field resulting from the general solution forms of the displacement functions.
The solutions by Filon (1902), Saito (1952, 1954), Watanabe (1996), Chau (1998a), Chau and Wei
(1999) and Wei et al. (1999) can be considered as special cases of the present solution; that is, they can
be re-derived independently using the present unified approach. Part II of this study will apply the
present solution to the stress analysis of solid cylinders subjected to the double-punch test (Wei and
Chau, 1999).

2. Governing equations

Consider a homogeneous and isotropic elastic cylinder of radius R (or diameter D) and length 2L in a
cylindrical co-ordinate system as shown in Fig. 1. The stress and strain tensors are related by the
following Hook’s law

Oup = 2G£“/g + /18«/},5“[; (1)

where o, f, y=r, 0, z; G and /4 are the Lame constants (G is normally referred as the shear modulus);
and repeated indices in Eq. (1) imply summation. The Cauchy stress and strain tensors are denoted by &

2R

2L

Fig. 1. A sketch of a finite solid circular cylinder of length 2L and radius R subjected to arbitrary tractions on the curved and end
surfaces.
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and g, respectively. The strain tensor is related to the displacement (u=u,e, +ugpey+u.e.) by

1
= 5[(Vu)T+Vu] @
where
ou 10u ou
Vu = - - 3
u e,a + €y 30+e‘az (3)

In terms of cylindrical coordinates, the physical components of the strain tensor given in Eq. (2) are

ou. ou, U, . 1 0wy . 1{0up + 1 duy u9)
b7z = Err = & = “Tan o) = S\ 4. “Tan ~ )
b= %20 ar 0= T80 =2\ or T 790 r
1(10u, Oduy 1(0u, Ou-
C.) = — - -— ], ‘1’7 = — 4
620 2(r89+82) brz 2<8z+3r> @)

In the absence of body force, the equations of equilibrium, V- ¢ = 0, in terms of displacements are (e.g.,
Malvern, 1969):

de 2G99, 90,
O+ 2G)—e A, Yo ki) (5)
r 00 0z
1 3 00 0Q
(:426)- ¢ 5 +26=2 426 a;) —0 6)
26 2690,
(x+zG)—+——< Q)+ =22 =0 )
ar a0

where Q=[(Vu)" —Vu]/2 and e = V - u are the spin tensor and the volumetric strain, respectively.
When the cylinder is subjected to arbitrary traction on its surface, the general boundary conditions
are

Oy :fil‘(za 9)3 Oz :flz(za 9)7 T :flﬁ(za 9) onr=R (8)
0z = fo(r, 0), 0.2 =/f2(r,0), 0.9=fr(r,0) onz=+L ©)
(= :f‘3r(ra 0), Oz :.}(3:(”’ 6), (] :f‘39(”, 0) onz=-—L (10)

where f;; (i=1,2,3; j=r,z 0) are the prescribed tractions on the curved surface and on the end
surfaces of the cylinder. The first subscript i = 1, 2, 3 indicates the curved, top and bottom end surfaces,
respectively; the second subscript j (=r, 0, z) indicates the direction along which the traction acts. To
simplify the later discussion, these boundary conditions are called BCij (i,j =1, 2,3) as defined in
Table 1. For example, the first part of Eq. (8) is denoted by BCI11.
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3. Method of solution
The main objective of this paper is to obtain the exact solution satisfying both the equations of

equilibrium (5)—(7) and the boundary conditions (8)—(10). Similar to the analyses by Chau (1998a,
1998b) and Chau and Wei (1999), two displacement functions @ and ¥ are introduced

020 19v 1920 0¥ [ a2q5]
= il = —, u.=— 20 —v)V1®+ (1 - 2v)—— 11
" 8r82+ r 00 YT va00z o (1 =v)V12 +( v) 9z2 (1)
where
19/ d 1 92
v, o129y, 19° 12
! r8r<r8r> +r2 902 (12

Substitution of Eq. (11) into Egs. (5)—(7) yields two uncoupled governing equations for the displacement
functions @ and ¥:

Vi = V2V =0, V¥=0 (13)

where V2 is the Laplacian operator, or V2=V, +932/dz%. That is, ® and ¥ satisfy the biharmonic and
harmonic equations, respectively.

In terms of these two displacement functions, the physical components of the stress tensor can be
obtained by substituting Eq. (11) into Egs. (4) and (1) as,

AP ¥}o (1Y
= —22GV— + 2G| —— + —| —— 14
? v 9z + |:828r2 + Br(r 89)] (14)
P 130 1 3o 9 (13?)}
= -GV — + 2G| - — = —— — — [ —— 15
o0 v 9z + |:r dzor * r290%9z or\r 30 (1)
0.. = —2G[(2 — v)iv2 - 3_3}4) (16)
= 9z 923
3 33 } Gy
= =2G| — (1 —v)—V — |+ — 17
oz [ =V Vitve s | P+ 508s (17
Table 1
The definitions for boundary conditions BCij (i, j = 1, 2, 3)
Surface Direction
1(r) 2(z) 3 (0)
1 (l‘ = R) Opr :flr Oz :flz gr9 :fl(')
2 (~ = L) Oz :f2r (= :f2: 020 :f20

3(=-01) 0o = f3r 0 =f3: 020 = f30
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19 1 33 } 92y
=26 (1 =) -2V, v | — 1
0=0 G|: ( v)r86 l+vr86822 ordz (18)
9 182q§> 1(13?/ 192y azlp>
0=26 —| =" )+ T 19
710 |:8r<r 900z +2 roor + r2 902 ar? (19)

4. Series expressions for the two displacement functions

The most difficult step to solve the problem is to find the appropriate and complete solution forms for
the two displacement potentials @ and ¥, which should satisfy both of the governing equations given in
Eq. (13), and the boundary conditions (8)—(10) for any arbitrary applied tractions fj;.

The method of separation of variables is employed here to solve Eq. (13). In particular, we assume
the series solution for ¥ as

o0

W(r, 2, 0) = Y [ (. 2)cos(@,0) + Yo(r, 2)sin(w,0)] (20)

n=0

where w, is defined as w, = 2nn/T, T is the periodicity of ¥ in 0, which should match the periodicity of
the external applied traction in 6. Substitution of Eq. (20) into Eq. (13) leads to the governing equation
for function Y,(r, 2), i=1, 2,
3, 1oy, Y, o?
¥ | 13y, *”’—&w,:o (21)

or? roor 9z2 r?

The general solution of Eq. (21) is

sinh(yz)
cosh(yz)

sin(#z)

x//l.(r, Z) = [Alw,l(”]r) + BK(Un(nr)] COS(ﬂZ)

+ [CJo, (y7) + DY, (v1)] (22)
where J,, (yr), Yo, (yr), 1, (nr) and K, (yr) are Bessel functions and modified Bessel functions of the first
and second kinds with fractional order w,. Parameters 4, B, C, D, n and y are constants to be
determined. Because the stress field at the center of the finite solid cylinder must be finite, all terms that
relate to Y, (yr) and K, (yr) must be discarded. Consequently, the general expression for ¥ is assumed

as:

1 ” > 0o < E 5,’1‘,3 CcoS(1],,2) >\ F §5> cosh(y,z) | sin(w,0)
P = —%{Eoor + ;{Ewr + Zn—le"mm’)sin ey > 2 Jou(0) inhgroz) | costen)

m=1 "Im s=1

(23)

where G is the shear modulus, 7, = mn/L, 7, = /s/R, A is the sth root of J;, (x) = 0. The characteristics
of J, will be discussed in later section. EgoEgn), E® and F® (1=1,2; k=1,2,3,4) are unknown
constants to be determined by the boundary conditions. The superscript / range from 1 to 2 since the 0-
dependency can be either sin or cos; and for general cases, we should include both /=1 and 2. For the
superscript k, we can have four combinations for the z- and 6-dependencies; and in general all four

combinations are needed for the most general case of applied traction. The corresponding z- and 6-
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dependencies attached to the unknown constants for each k and / are tabulated in Table 2. The
summation for m in Eq. (23) can be used to fit any z-dependency of applied traction on the curved
surface while the summation for s can take care of any r-dependency of applied traction on the end
surfaces. Note that the term y(r, z) = Er* is resulted by considering the special case of #,, = 0; and
that the term for Eyy will lead to constant shear stress field for a,. only.

To find the general solution for @, we let V>® = ¥ and note that the general solution for ¥ is the
same as those for ¥ given in Eq. (22). By back substitution of this solution into V?® =¥ and by
careful inspection, the following general solution for @ is obtained:

z3 z al,, (1 sin(#,,z
d=— ZG{AOO + Coolr? + Z{A(DVWZJF Z m[Ag;z (M )+B,(,’),le,,(f7mr) (MmZ)

6 3 ar o8 (1,,2)
| c® sinh(y,z) (). _cosh(y,z) cos(w,0)
2_3[ s cosh(y,z) + Dz sinh(y,z) }J‘””(V‘Y’) sin(w,0) 24)

where Aoy, Coo, Ag,f, A® gl c® pk (1=1,2; k=1,2,3,4) are unknown coefficients to be
determined by the boundary condltlons. Each combination of / and k corresponds to a particular
combination of the upper and lower functions of z and 0 given in Eq. (24). More specifically, the
corresponding z- and 0-dependencies attaching to the unknown constants for each k and / are given in
Table 2; and in general, all combinations of k and / are needed for general loading cases. Note that the
choices for / given in Table 2 will lead to o,,(r, z, 8) being an even function in 0 [i.e. cos(w,0)] if /=1
and being an odd function [i.e. sin(w,0)] if /=2. In addition, the z-dependency/f-dependency for

a.(r, z, 0) will be even/even, even/odd, odd/even and odd/odd for k =1, 2, 3, 4, respectively. Note that

Table 2
The 0- and z-dependencies for superscripts / (= 1, 2) and k (= 1, 2, 3, 4) used for the displacement functions ¥ and @ given in Egs.
(23) and (24)

Constants for ¥ and ¢ Superscripts //k 0-dependency z-dependency
(01”)/ Ao»z 1 sin/cos -
2 cos/sin _
EW/FY 1 sin cos/cosh
2 cos cos/cosh
3 sin sin/sinh
4 cos sin/sinh
A /B 1 cos sin
2 sin sin
3 cos cos
4 sin cos
C ®/pk) 1 cos sinh/zcosh
2 sin sinh/zcosh
3 cos cosh/zsinh
4 sin cosh/zsinh
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the constants 4y and Cyy will only lead to constant normal stresses. In addition, it is straightforward to
show that Egs. (23) and (24) satisfy the governing equations given in Eq. (13) identically.

5. General expressions for stresses

Substitution of Egs. (23) and (24) into Egs. (14)—(19) leads to the following general expressions for
the stress components:

O cos(w,0 cos(w,0 ,
o = (2v—DCop + vAg + Y _{ — wu(w, — 1)(/1(()” (nf) +EY (€2n6) )M—Z

— " sin(w,0) —sin(w,0)
+ i AN v, (,7) — L8_2<r73]‘“”(nmr)> _ B 0L, (n,1) | cos(12)
o mn n \m 113181‘2 or ,,”% or2 —Sil’l(i’]mZ)
> cosh(y,z) sinh(y,z) 13, () 2
i c® 4 pk 2 4 p, N 20 oy
2 [( w0 Gz O o (|7 ar a0
cosh(y,z) . sinh(y,z) cos(w,0)
+1(C® 4+ v+ 1)D® T+ Dy 2 Jor, (0F
|:( w + ) S”)sinh(y“.z) S cosh(y,z) H(057) sin(w,0)

. (25)
sin(n,z) o v or

{i Gan B <Iw,,(f1mr)> cos(11,,2) n iF Gon 8 (an(w)> Cosh(VsZ)} cos(wy0)

ar r ¥ sinh(y,2) [ —sin(w,0)

2
m=1 M

> cos(w,0) cos(w,0)
ago = (2v — 1)Coo + vAg + Z o, — 1)(1‘18,3 T EEQ " ron2

n=0 sin(w, 0) —sin(w,0)
+ i A(k) 2vi, ) — Li <r81w,, (1/]’"")) + 60_3 a]w”(}']ml’)
— nn Wy (’7m ) ’731" 8;,. 31‘ n%r ar
B%(rz |:1 aly) (1’]”71’) wnz ] COS(’/ImZ) o ) COSh(ysz)
B o 2wD®J,, (0
;7’%1 r or 2 o (171717) —Sin(l’]mZ) + ; VD, U)”(/AV) sinh('ysz)

B |:<C(k) N D(k)> cosh(y,z) L D, Zsinh(ysz) :| |:L o, oF J :| cos(w,0)

sn "/ sinh(y,z) M cosh(yz) || vir or p2r? en(7s") sin(w,0)

+ |:iEE11:z)w" 3 (Iwu(’/lmr)> CO8(1,,2) + = Fﬁﬁ)wn ol (an (Vx”) COSh(VsZ) :| cos(w,0) (26)

— nz or r sin(,,2) 45 p2 ar r sinh(y,z) | —sin(w,0)
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0., = 202 — V)C()() +(1 - V)A()() + ii { i{Agﬁz [2(2 - V)Iw”(ﬂmr) + rw]

n=0 m=1 a1

COS(N,2) e cosh(),z)
+ Bl(j;rzlmn(nmr)} N - Z[(CE'Z) —+ (2‘/ — 1)D§£)) . K

—sin(n,,z) £ sinh(y,2)
(). _sinh(y,z) | cos(w,0)
+ D507 cosh(y,z) :|J”” s )} sin(w,0) @7)

e 2 | 4% al, (1, a ( 3, 1,
or- =91 —v)Ey + Z Z{ﬂ[ﬂl - v)—”"a(;7 ") +3; rio”a(j N

n=0 m=1 m

+ % 81(1)n(’7mr) Sin(”mz) _ il (C (k) + 2VD(/c)> Sinh(ysz)
N or cos(Mmz) =, sn s/ cosh(y,2)

4 p® Zcosh(ysz) 3Jw,(757) | cos(w,0) Ef,lj,z ©n . —sin(1,,,2)
sn /s sinh(y,z) ar sin(w,0) 2t Lo, (i )cos(ﬂmz)
N Z §f§) On ,Slnh(VXZ) cos(@,0) 9)
Jo( cosh(ysz) —sin(w,0)

ar N r €os8(1,,2)

[e%e] [ee) A(k) Iw m}" a]w mr B(l‘ I)‘l mr i
=Y { {“’"WI[Z(I—V) () | ol )L“’” mn 20T) 3 SI0CTn?)
1

- i wn[(C s ZVDEﬁ)) sinh(7,2) o COSh(VsZ)]an(/vV ) } —sin(w,0)

cosh(y,z) sn V5% sinh(y,z) r cos(w,0)

iE% 010y, (M) —sin(1,,2) ZF(k) 0Jw, (V) sinh(y,z) | sin(w,0) (29)
21, ar COS(1],,,2) 2y, ar  cosh(y,z) [ cos(w,0)
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07 cos(w,0) o cos(w,0) N ar?

n=0 m=1

00 o o 00 A(k) 82[(0 T
0r) = Z - (Un(CUn - 1)<A(1) Sln(wne) - E(l) Sln(wn@) )}"wnz — {wn L n(’/l )

0BT 13, (1) 1 COS(1],2 | W, 0\ cosh(y,z
+ u |:_ @ ( ) - r_zl(/)n(nl‘nr) (]7 ) + Z F[(Cgﬁ) + Dgﬁ,)) (V )

}’]31 r 8}" —sin(nmz) s=1 s sinh(ysz)
inh(y,z) 1[18J0,(05r) 1 —sin(w,0) X E W1 010, (,r)
D(k)" ) sin S ___wm\4s 7Jm ! n _ mn | — n m
+ D /*Zcosh(ysz) rooor ;27 on(Vs7) cos(w, ) ;2;737 roor
T azlw,,(nmr)]cos(nmz) LY FE’,;)[ Lodo,0ar) @),
1’2 w,,(nm ) 372 SiIl(i’]mZ) — 27)?2 r or 7'2 wn(/s )

K 2], (ysr)] cosh(y,z) sin(w,0)

9r2 sinh(y,z) cos(w,0) (30)

For the sake of completeness, the proper choice for the upper and lower functions in z and 6
corresponding to each value of k (=1,2,3,4) and / (=1,2) is shown in Table 3. It should be
emphasized again that all terms of k and / are needed in general.

6. Determination of unknown coefficients

By using double Fourier expansion technique, all boundary tractions acting on the curved surface of
the cylinder given in Eq. (8) can be expressed as (Brown and Churchill, 1993):

Oy = Z Z{ /- [aﬁ,‘;‘gcos(nmz)cos(wnH) + b%sin(nmz)cos(wn@) + cg,fgcos(nmz)sin(w”@)

m=0 n=0

+ df,f,)lsin(nmz)sin(a)n@)] } (31)

Table 3
The 0- and z-dependencies in Egs. (25)—(30) used for the stresses for superscripts / (=1, 2) and k (=1, 2, 3, 4)*

Ik Dependency Oy = Tro Oz 020
=1 0 El El 0O1 El O1
=2 0 Ol Ol El Ol El
k=1 0 El El o1 El 0O1
z E2 02 E2 E2 02
k=2 0 (0] 0O1 El (o) El
z E2 02 E2 E2 02
k=3 0 El El o1 El (0]
z 02 E2 02 02 E2
k=4 0 (o) 0O1 El (0] El
z 02 E2 02 02 E2

4 Symbols: E1 = cos, E2 = cos, cosh, zsinh, Ol = sin, O2 = sin, sinh, zcosh.
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where o =r, z, 0, and

1/4 form=n=20

Am =143 1/2 forn=0,m>00rm=0,n>0
1 form>0,n>0
2 (T2 (L
aﬁ,‘fg = — f1a(z, 0)cos(n,,z)cos(w,0) dz do,
LT ) 1)1
5 (T2 (L
b% = — f1a(z, 0)sin(n,,,z)cos(w,0) dz do,
LT ) 7)1
y (T2 (L
c,(fj,)l = — S1a(z, 0)cos(n,,z)sin(w,0) dz do,
LT ) 7)1

2 (T2 (L
d% = — J J S1a(z, O)sin(n,,,2)sin(w, 0) dz do.
LT ) 7)1

5717

(32)

(33)

(34)

In order to match our general expressions of the stress field with the applied stress given in Eq. (31) on
the curved boundary (corresponding to BC11, BC12, and BC13), we first substitute » = R into Egs. (295),
(28) and (30), then expand all functions of z in terms of Fourier sine and cosine series. Finally, the shear

and normal stresses on the curved boundary can be expressed as:

00
_ . B _ ) cos(w,0) ) cos(w,0) W, —2
o, = Qv —1)Cop +VvAg + E (o, 1)(A0n sin(ew,0) +Ey, —sin(e,0) R

n=0

sin(w,0) —sin(w,,0) 2 or?

n0) |~ 0 S 2 9%1,,(n,R
— ROR) O] gy costend) s {Affi{zvlmn(nmle)—w"(”)
m=1

R P, (1,R) | BX) 821,,(n,,R) | cosn,,2) _ i o, [(C(k)+D(/c))F(i)
na 9 n dr? —sin(1,,2) PIRILA T s sm

s=1

®) 4G cos(M,,2) | cos(w,0)
+ Dy sin(n,,,2) | sin(w,0)

Sn sm

|- [(c% + v+ 10910, + D40 ] }Ja,nmm

_ Ez(jz(l:wn lalwn(’?mR) _ Iwn('/’mR) COS(’/ImZ)
n2 R ar R2 sin(1,,,2)

I —sin(w,0)

_iFﬁﬁ)wn i) o, (1, R) cos(1,,2) | cos(,0)
'))sz sm R2 Sin(”m Z)

s=1

(35)



5718 K.T. Chau, X.X. Wei | International Journal of Solids and Structures 37 (2000) 57075732

Sln(wng) or

S 31, (R
Op; = 9(1 — V)EOO + Z 5)1;3 COS((Ung) + Z { mn [(3 2‘/) n(’/’m )

4+ 2o (nmm]+ nffzz 1, (nmR>}sinmmz> cos(@,0) _{Ei’fﬁwn —sini ?)

972 a7 cos(1,,z) sin(w,0) 2n,,R " (1 R) COS(1;,%)

m

_’_iF(k) Jo (LR )(1) sin(,,,2) | cos(w,0)
L2y, R T meos(n,2) [ —sin(e,0)

> —sin(w,0) —sin(w,0) —sin(w,0)
= — oy, — D[ 407 _ED RO 1 o D(R
710 ”Z(; @n(® )< o cos(w,0) o _cos(w,0) + 0, (R) cos(w,0)

R ar ~R?

sin(w,0 s WAR 921 (1 R ZBET191, 1, R 1
7_(1) ( n ) _ Z {w mn rl(nﬂ‘l )_"_ CO Iﬂﬂ[ n(ﬂm ) Iw”(n,nR)]

On(R) c

os(w,0) n2 dr? n

m=1

cos(fmz) i Wy [(C(k) D(k)>F(1) —i—D(k)A(’)]Jw (.R) COS(1,,2) —sin(w,0)
_Sin(”mz) s—1 ngz " " e Si“(ﬂmz) COS((HnH)
E [ Lolo,(nR) 04y (0 py azlw,,me)}
2n2 or - R2 or?
s FE’;)FSL[w Jo OLR) +82Jw,,<vsR)} cos(11,%) sin(c,0)
— 22 LR Vs ar2 sin(1,,2) cos(w,0)
where
> w? sinh(y,L 2
ROR) = 31| (25— 1) —2vp® [FOE) L p0cosny Ly 22— 1) 1R
p 7R 5L 75 R

F(l)(,l) sinh(* L)
=) 2 : n Vs
R Jw SR
\SOH( ) /2R2 P, [ n (y )

P(’)w sinh(y,L)
() n Vs

R, (R ———Ju,(7sR
On( ) Z 2V3R “/bl n(y. )

= sinh(y,L)
#0(R) = Z [“) i +D§Qcosh(ysL>}Jw,,<ysR>

s=1

(36)

(37)

(38)

(39)

(40)

(41)
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0 32J,,(7,R) } sinh(y,L) @)

) o F
20 (R w, (Vs R
on(R) = % 2[R2 Jo,(7sR) + a2 DL

where / =1, 2. In Egs. (35)-(37), r?,; (i=1, 2) are the coefficients for the Fourier expansion of cosh(y,z)
and sinh(y,z), respectively:

O 2y,(—1)"sinh(y,L)

m = (43)
sm L(,))sz + ’7’%)
2 -1 m+1 . h(v.L
I—v(y%g r’m( )2 Sl;l (ys ) (44)
L(y? +n3)

While A(;,i (i=1,2) are the coefficients for the Fourier expansion of 7,z sinh(y,z) and 7,z cosh(y,z),
respectively:

1 h(y. L —
) = 2 DTSNG0S inn ) (43)
‘ L(y3 +n3) y2+n
2n,7,( — 1" sinh(p, L)
A = = . (46)

v2 402

Equating coefficients of the Fourier expansions in z and 6 in Egs. (35)—(37) to those corresponding to
BCl11, BC12 and BCI13 given by Eq. (31), we obtain a system of equations relating the unknown
constants.

In particular, the following equations are obtained by BCI11:

Qv — 1)Cop + vAg = dljy /4 (47)

— (0, — 1)(A§){3 + Eﬁ,ﬁ})Rm" —ROR) +3V(R) =d) /2 (48)

oo, — (4G~ ED )R —RE(R) — IL(R) = )2 49)
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2 321, (n.,R R 3%, n, R BY 321, ,,R
fxlk{AE,fn [ZVI(U”(f]mR) _ = ”(77m ) :z(’/’m ):| ”(’1;71 )

ar? ;731 arl nz ar?

E®w,[101,0,R) I,0u,R
+052k[ ;;;réwn = (Jnme )_ wn(]qu ) + Z sz[(C(k)+D(vi)>F(Vlrr)l+D(k)A(l):|

m

. F®w, o Jo, (R
~[(c + v nol)r + Dz?Ag;;]}an@SR)—azk e

= imngi,rwl (50)
where . (i=1,2; k=1,2,3,4) and Q") are defined in Table 4.
The following equations are obtained by BC12:
9(1 —v)Eg — RI(R) = aff) /2 (51)
A% [ al, m,,R) 982, (n R)} BX a1, (1, R) E®q
Zmn| (3 -9 On\"Im R On\"Im mn Wn\'Im mn-’n Iw R
N ( V) 3 + 972 + . ar + ﬁl/\ 2 n (nm )
Fio )
+ ﬁZk Z - wn (ySR)Fs;n
= S QC) (52)
where ;. (i=1,2; k=1,2,3,4) and Q;L are defined in Table 5.
The following equations are obtained by BC13:
on(, = D(4f) = EG)) R = gl )R+, (R) = cf)) /2 (53)
:[(2)
— (e — 1)(Agzn> n Egg) R 4 o@UR) + 7, (R) = al) 2 (54)
Table 4
The definitions of o (i =1,2,) and Q7) used in Eq. (50) for k = 1,2, 3, and 4
k Ok 002 QLCL
1 +1 —1 af)
2 +1 +1 i
3 -1 -1 TGS
4 —1 +1 dy
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Table 5
The definitions of f; (i =1,2) and Q© 2 used in Eq. (52) for k=1,2,3, and 4

mn

k B B o,
1 +1 —1 bgé}t
2 -1 +1 dffgl
3 -1 -1 a?)
4 +1 +1 @
oo L OnA %0, (1, R) B [ Lolo,(wB) 1, R)} 5,’;2[ L 9L, (1, R)
Ik nz ar? ny LR  or ~R? Lo, 211m or
I 0 Iwn(’/’mR) - Wn < i i
R;IUJn(nmR) - + Z Kok 2R2 [(Cgl) + D(k))rgn)'l + D(k)/l )]J(/UV‘I(VSR)
s=1
F(k)rilnl [C&) J ( ) + a 2‘]“)11 (’))AR)iI
2y2 onlVs or2
= Ao 200 (55)
where xy (i=1,2; k=1,2,3,4) and QES,)? are defined in Table 6.
On the end surface, z = L, Eq. (9) can be rewritten as
>3 tules |el)
Oz = Csn e Sln(wne) +f COS(CO,,H) o (56)
n=0 s=1 r
o0 [o¢]
0., = ZZCM [gjnsin(wnﬁ) + h;rncos(a)ne)]Jw”(ysr) (57)
n=0 s=1
. J(U (Vv”)
0.9 = CY,, [k sin(w,0) + 1], cos(w,0) | ==~ (58)
On the other end surface z = —L, Eq. (10) is rewritten as
Table 6
The definitions of ry (i = 1,2) and QY used in Eq. (55) for k = 1,2, 3, and 4
k Kik Kok QL%
1 +1 +1 0
2 -1 -1 a9
3 -1 +1 d®
4 +1 -1 O
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{n[eqsin(@,0) + 1 ‘;cos(u)n(?)]@ (59)

ol
M2

s=1

3
Il
S
o
Il

9
I

2
NgE

Con [gm sin(w,0) + hmcos(w,,@)]Jw” (757) (60)

3
Il
S

s=1

ZZ [k gpsin(w,0) + 1, cos(w,0)] ——"= Jo, (15" (61)
P
n=0 s=1
where
_J1/2 forn=0
Con = { 1 for n£0 - (62)
42 2 R (T/2
el = s J J 2 for(r, 0)J, (751)sin(w,0) dO dr (63)
RT(22 — 02) 12 (3) Yo J-rr2
42 R (T/2
f ; = s J J 2 fou(r, 0)J o, (757)c08(w,0) dO dr (64)
RZT(/LE - w2)J2 () J0 J=112
4,2 R (T2
gl = s J J 1f2-(r, 0)J o, (v5)sin(w,0) dO dr (65)
RzT()LS2 )12 (4s) J0 J-112
47 T/
ht = s J 1f2:(r, 0)J o, (y,r)c0s(w,0) dO dr (66)
RT(22 — 0212 () J0 -2
412 R T/2
kX = J 2 fr0(r, 0)J o, (7,1)sin(w,0) O dr (67)
R2T<,12 — )J2 (Ag) J0 J=172
R (T)2
It r2fa(r, 0)J,, (751)cos(w,0) dO dr (68)

B 4,2 J J
R2T<)v3 - wg)J 2 (25) Jo J-1p2

s [ s &m» s Kk, and [, can be obtained by replacing superscript ‘+” by ‘=" and ‘f2,” by ‘f3," (x =
r, z, 0) in Egs. (63)—(68).

It can be shown that once one end boundary (say z = L) is satisfied, the other end boundary will be
satisfied automatically. To see this, let us consider o., as an example and rewrite Egs. (57) and (60) as
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ZZ : Lol (g, + g0 )sin(w,0) + (B, + hy, )cos(w,0) ] + [ (gt — g5, )sin(@,0) + (A7,
n=0 v:l
- hs;)cos(wne)] }Ju,” (s7) (69)

o0 o0 1
0.. = ZZzC‘” gm + gsg)sin(wn@) + (h:,;l + hS;)cos(w”@)] — [(gm gm)sm(wn@) + ( i

n=0 s=1

- h\; )COS(COHH)] }an (Vs7) (70)

on z = L and z = —L, respectively.

Comparing Egs. (69) and (70), we found that the term inside the first bracket [ ] in Egs. (69) and (70)
is an even function with respect to z, while the terms inside the second bracket [ ] is an odd function
with respect to z. Similar consideration can also be made to g9 and a.,.

To consider BC21, BC22, and BC23, the internal stress field given in Egs. (27)—(29) is first expanded
into Fourier—Bessel series

n=0 { s=1 m=1

oo [ oo oo
0. =22 —=v)Co+ (1 —=v)Ag + Z{ ZZ{ {A% [(4—2v — @) Ty + Uy
mn —sin(1,,2) sn Slnh(VSZ) sn /5% COSh(“/SZ)

+ B(k)Tm COS_(’/ImZ) _ |:(C(k) (2V _ l)DE,I;l)) COSh(ysZ) +D(k) Slnh())sz) ]

s(w,0
: }J O o) } w

o oo [ oo [ 40 BY)
ZZ Z mn ((D — 2(,0,1(1 ))Tsm + Usm + Wsm] + mn[USm — Wn Tfml

s=1 n=0 | m=1 M m

Sin(”mz) COS(G)nQ) E chr:w" _Sin(nmz) COS((Dn 9)
X . — T .
cos(1,,2) sin(w,0) 21, cos(1,,2)  —sin(w,0)

L Folon Fvﬁ)wn sinh(y,z) cos(w,0) i& [(C;ﬁ) n ZVD(k)) sinh(y,z)

2y, cosh(y;z) —sin(w,0) = o) cosh(y,z)

L D, Zcosh(ypz) i| cos(w,0) | Jo. (V") 72)

pr1P” sinh(y,z) | sin(w,0) r
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00 o 00 (k (k) : .
ZEDD ZHw”A"“’ (2= 20 — )Ty + Uy ] + 2B T.ym]““(”'"z) —sin(,0)

m m COS(’/ImZ) COS(C{),, 6)

Eg;g _Sin("mz) Sin(wng) ( (k) (k)) smh(ysz)
*t3 m [Usm = n T"”]cos(nmz) cos(w,0) | 9, |: Cow +2vD cosh(y,z)
4+ Wy _cosh(y,z) —sin(w,0) iF OV sinh(y,2) sin(@,0) | Jo,(057)

sn s SiIlh(VSZ) COS((DnG) — COSh(VpZ) COS((UnH) r

where

_ 227
(22 - )[(nmR) +i2]72 )

[nmRIwn-&-l (”mR)Jw” (/ls) + ;L.VI(U,, (’7;;7R)Jw,,+l (/“s)]

U\‘m =

2) 2 m 2((1)” - l) R
! { o [nmRIfUn-i-l(nmR)an (}V)

22— o), R 2422172 0 | R +A]
(4 )[(nm V4272,

2w, As

+;L.v]w,, ﬂmR an l(/lx) +
OmR) 11 4] (1 R)*+2]

[17111 len (nmR)an—l (/1?) + /lxlwn—l (nmR)qu ()”?)]

+ Ny Rl (1, R) 0, (2s) = 2slis, 11, R) 5,1 (2s) }

)»znm
(/12—60 )[(nmR) 44 ]J 2 (%)

va = 17m le,ﬂLl ('Im R)Jw,, (/Lx) + }'S](u” (’1;11 R)Jw,Hrl (is)

2 2(v+1)<}2—11mR )
1 R)*+2] 1 R)*+7]

[0 RIws, 411, R) s, () + ZsLer, (1, R) 0, 41(As) ]

4vn,, R

m [’1)11R1wn+2(’7mR)Ja),,+l (/1\) + )vslw,,Jrl (nmR)Jw,HrZ (/1&)]

- 2 Rl 11y RV 1) = (22 = 02 R? ) (00, RV, )

If /,#s, then

(73)

(74)

(75)

(76)
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2w2
Vin = 3200, i), i) + A, 1)
()2—w><)2 ) () p o, (%) pon—1(%p)Jo,—1
phsOn
2/240)[)‘[) 0),,( ) wfl(i) /“\ w—l(/bp).]w”(/ux)]
/L.p _/L

on(7] + 1) =24,

' Iy =4 [, 1(Ap) oo, (Bs) = A, (2p) Sy (As) ] (77)
14 0
If ip = is: then
"2 .
v, = Ao 1Ua)o () (78)

()2 -, )J(%N(A\)

The proofs of these formulas are given in Appendix A. By substituting z =L into Eq. (71) and
comparing with the corresponding coefficients of Eq. (69), we have

22 =v)Coo+ (1 —v)A4go =0 (79)
{A,(,l,i [4 = 2v— )Ty + Uy ] + BUT,, ]( "

, 1
_[(cy + Qv - 1)D§}))cosh(ysL) +DWy L smh(ys.L)] = 5Ll +hy,) (80)

o0
S A2~ 20— 0,) T+ Usn] + BT (= "= [ (€ 4 @v — 10D )cosh, L)

m=1

+ Dm v, L sinh(ySL)]

1 _
= Eé,sn(g:rn +gm) (81)
(CS} + (v - 1)D§,31))sinh(ysL) + DBy L cosh(y,L) = g (5 —h3) (82)
(c& + @v— 1D )sinh(y,L) + Dy, L cosh(y,L) = gm( o (83)
The same system of equation is obtained if we substitute z = —L into Eq. (71) and comparing the

corresponding coefficients of Eq. (70). Thus, only one of the end boundaries (either BC22 or BC32) has
to be satisfied by the stress ., given in Eq. (71). Similar consideration can also be made for 6,9 and o,
and leads to the same conclusion.

Applying BC21 or BC31 into Eq. (72), we have
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(1 o0 1
—o P ginh(y, L) — Z} /j [(c)+2vDY) Ysinh(y, L) + DY)y, L cosh(r, L) | = 58 4/ ) (39)
) o)
FgTwsmh (L) Z I;p" [(Cﬁ) + 2vD§3)>smh(y L)+ D}%)VPL cosh(pr)] = %gm (¢f, +e.,) (85)
s p=1 P

) (3) (3) (3)
Z{ { Amn [(a) — 260,7(1 — V)) sm T+ Uym + an] %[ljsm — Wy Tvm]} - Emnwn Tvm}
Nm m 277m

m=1

m PG s~ Vo[ (-6 5) 3)
x (= 1"+ 2)) —n_Zcosh(y,L) — Z ; [(C +2vD,, )cosh( L)+ Dy, L sinh(y,L )]
p=1 "7

= _é/(f sm ) (86)

00 4D BW E(4)wn
E nm w - 26011(1 - V)) sm + Urm + Wsm] + o [Usm — Wy Tsm] + LTsm
M m 2y

m=1

F%q 1
x (—1)"— ;’y “cosh(y,L) — Zy—m [(C;ﬁ) + 2vD(4))cosh(pr) + D;;,‘?)pr sinh(pr)]
=1 'p

= (e~ o) ®7)

Finally, applying BC23 or BC33 into Eq. (73), we have

FOp
2 (€ + 200 Jsinhy, L) + Dy, L eoshir, L] + Z 2 (L) = Sl k) (89
N
FOp., |
~2[(€® + 2D )sinh(y,L) + Dy, L cosh(yAL)] f’" sinh(7,L) = 5Cu(l5,+15)  (89)
N
e A® B® E® S
Z - M[(Z —2v— wn)Tvm + an] + ad v Tvm + - [Urm — Wy Tvm] ( - 1)71
n n 21
m=1 m m m
o0
+— . [(CS) + 2vD(3)>cosh(y5L) + DmySL smh(ij)] Z cosh(yjz)

IC(kjn—k*) (90)
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© w, A® w,B® E@W
Z{ iM[(Z —2v—w,)Tgn + Usm] + MTsm + 7 U — 00 T (—=1)"

m=1 N m 2’7}71
Onl (@ ) @) i N F 5 Von
— 7[((?”1 +2vD,, )cosh(ysL) + Dy L smh(ySL)] + Z 2 cosh(y,7)
s p=1 p
1, _
= 5@(1; - lsn) 91

Therefore, Ay and Cy can be obtained from Eqs. (47) and (79); Ey can be obtained from Eq. (51); A(()ln)
and Egn) (I=1,2) can be obtained from Egs. (48), (49), (53) and (54); for each n, 12(M + S) unknown
constants A BH - p® - c® pl and FO (k=1,2,3,4;, m=1,2,....M; s=1,2,...,5) can be
solved from the system of equations forming from Egs. (50), (52) and (55) with m from 1 to M, and
Eqgs. (80)—(91) with s from 1 to S. Thus, we have exactly 12(M + S) equations for 12(M + S) unknowns
AL gk p® - c® pW and F® for each n. If the summation n is from 1 to N, the total number of
unknowns and equations are 3 + 4N + 12N(M + S). Finally, all stress components can be obtained by
back substituting all these coefficients into Egs. (25)—(30). Therefore, the general elastic solution for
stresses within a finite isotropic solid cylinder subjected to arbitrary surface loads is obtained, and some

special cases of this general solution will be discussed next.

7. Special cases

Let us consider some special loading cases of our general solution given in the previous section. When
we set w, =2n (n=1,2,...) and k=/=1, our general solution reduces to the solution for finite
cylinders under the diametral Point Load Strength Test (PLST) considered by Chau and Wei (1999);
when we set w, =2n (n=1,2,...), k=1=1, and C) = DIV = F{) = 0, our general solution reduces
to the solution for finite cylinders with zero shear displacements on the end surfaces under the diametral
PLST considered by Chau (1998a, 1998b); when we set w, =0, k=I/=1, and E{) = F{) =0, our
general solution reduces to the solution for finite cylinders under the axial PLST considered by Wei et
al. (1999); and, when we set w, =0 and E{)) = F{) =0, our general solution reduces to the general
solution for finite cylinders under axisymmetric load by Saito (1954, 1952). In addition, the solutions for
finite cylinders with fully or partially constrained radial displacement at the end surfaces under confined
or unconfined compression tests considered by Filon (1902) and Watanabe (1996) can also be obtained
by simply replacing the corresponding traction boundary with the displacement boundary.

8. Characteristics of the roots of J;, (4;) =0

When w, =0 (or cylinders under axisymmetric loads), Saito (1952) has considered the roots of
Ji(As) = 0 in obtaining his numerical solution. These roots have also been used by various authors,
including Ogaki and Nakajima (1983), Watanabe (1996) and Wei et al. (1999).

For obtaining the analytic solution for the diametral PLST test, Chau and Wei (1999) has evaluated
the roots of J;,(4,) =0 (n =0, 1,2,...). Since the accuracy of the present approach also depends on the
accuracy of the roots Ay, in this section we will consider some general characteristics of the roots of
J;, (4s) = 0, so that these roots can be found accurately and efficiently.

In particular, the following four regularities are observed for the roots of (4,) = 0:

1. The upper and lower bounds for the first root
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As discussed by Watson (1944), the smallest root 4 of J;,(x) = 0 can be bounded by

V2n(2n+2) (for 1<n<?2) 5 I
< Ay < +/4n(2n
V2n(2n+3) (forn > 2)

The first roots can be searched within these upper and lower bounds. Once we obtain the first root,
we can generate the subsequent roots efficiently if the following properties are noted.
2. For large Ay, any two non-zero neighboring roots Agyy and As of (x) = 0 differ by ©
First, the following asymptotic form of Bessel function J,, (x) is noted (Watson, 1944)

(u”(x) \/TXCOS(X — (U;TC — Z) + O(X *3/2) (93)

For large x, we can retain the first-order term, and consider its differentiation. Thus, we have

2
J o, ()= =/ Bsin(x — a)zn - %) (94)

Consequently, the roots of J;, (4;) = 0 should satisfy approximately

(92)

W,T T _
b= =g =k k=0,1,2,... (95)

Therefore, the difference between any two neighboring roots is given by
/AR\‘+1 - /13‘ T (96)

if A, is large.
3. There must be a root of J,, _(x) = 0 between any two neighboring roots of J,, (x) =0
To show this property, the following argument is applied. By followmg the procedure given in
Section 15.22 of Watson (1944), we define a function f(x) = x“"’+1Jé)I1(x). Suppose that 4, and A,y are
two neighboring roots of J;, (x) = 0, obviously, f(/s) = f(4s+1) = 0. It is well known that there must
exist a value ¢ between /, and /1g+1 that satisfies f() =0. In addition, it can be proved that
(= f”"“J(Ln_l(é) so we have J;, (&) =0 for 4; < & < Agy1. That is, between any two neighboring
roots Ay and Ay of J(;”(x) =0, we can find a root ¢ for J, 18 =0.
4. There must be a root of J;, (x) = 0 between any two nezghbo: ing roots of J;, _(x) =0
The proof for this property is similar to those used in the previous characteristic (3). In particular,
we can define a function g(x) = x "+ 1J) — 1(x), and follow the same procedure employed for the
proof of (3). Because the proof follows tr1v1ally, the details will not be given here.

By noting these four regularities, the roots of J;, (x) = 0 can be evaluated efficiently.

9. Conclusion

In this paper, we have presented a general solution for a finite isotropic solid circular cylinder
subjected to arbitrary boundary loads. Equations of equilibrium are first converted to two uncoupled
differential equations by using the displacement function approach. Appropriate solution forms of these
displacement functions are proposed in terms of series expression involving Bessel and modified Bessel
functions in r-dependency, trigonometric and hyperbolic functions in z-dependency, and trigonometric
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functions in 6-dependency. The boundary tractions on the curved surface are expanded into double
Fourier series expansion, while those on the end surfaces are expanded into Fourier—Bessel series
expansion. System of simultaneous equations for the unknown constants of the displacement functions
is given explicitly for any arbitrary boundary loads. It was demonstrated that only one of the end
boundary conditions need to be satisfied, while the other end boundary will be satisfied automatically.
Solution for axisymmetric problems given by Saito (1952, 1954) for finite solid cylinders, and solutions
for the axial and diametral Point Load Strength Test (PLST) given by Wei et al. (1999) and Chau and
Wei (1999) can be recovered as special cases of the present general solution. Part II of this study will
specialize the present solution to the stress analysis for the double-punch test (Wei and Chau, 1999).
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Appendix A

In order to apply the end boundary condition, the following r-dependent functions I, (#,,r),
N Loy —1 (No)s M2, (1,,7), and ==t ””("’ ) can be expressed in series of Bessel function Jo, (1) as (Watson,
1944):

Lo, (M) = Y Tonso, (047 (A1)
s=1
o0
”,;z"lw,ifl(’lm”) = ZUWSJU)n ())s}’) (AZ)
s=1
o0
n;rlwn(nmr) = ZW,men(ySr) (A3)
s=1
0Jw, (Y pr
M Z VmJ(u,,(/S’ ) (A4)
where
22

R
T}'HS = : [
R2(A2 —w >J2 (Jg) J0

Wy

Loy, (M), (757 dr (A5)

2
2 j’s Nm

R
R2(22 —02) 72 () Jo

Uys = rzlw”,l(nmr)Jw”(ysr) dr (A6)
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2,2 R
W = 223 M r31w Mo, (V1) dr (A7)
5 o (M ) o0, (VsT)
R (22— 02)72, () o
2,2 R8T w, (v pr
Vi = > J r2 0”3(: z )an (V‘\'r) dr (AS)
0

R (32— 03)72,(2)

To integrate Eq. (A5), we first note the following formulas (Watson, 1944):

J: ot () dr = BRI O R, 1(72)__«,?% (1R, 11 i) A9)
and
Lo, (1) = g ~tonm/ 2Ja,”(inmr) (A10)
where 4, = y,R.
Substitution of Eq. (A10) into Eq. (A9) leads to
J: o o () dr = T REet 1 R o ;ﬂg):y;slw,,(nmR)Jw,IH(zx) Al

Substitution of Eq. (Al1) into (AS5) leads to Eq. (74).
We can integrate Eq. (A6) by integration by part, but this procedure is tedious. We propose a simpler
approach here. In particular, we first consider the differentiation of the following functions:

d
> [rzlw” () oy (ysr):l =201 = @)Ly, (17, (257) + 72 [T, 1 (W0, (75T
+ 75, (nmr)-]w,,fl (VS}’)] (A12)

and
d
5[rzlw,,q(nmr)Jwrl(vsr)]
= 20,11, -1 (N ), -1 (V57 + rz[nmlw”(nmr)an,l(ysr) — Vsloy—1(N") o, (ysr)] (A13)
The result given in Eq. (75) can be obtained by virtue of Eq. (Al1) together with the equation resulting
from subtracting Eq. (A13) x y, from Eq. (A12) x n,,,.

Similarly, for the integration of Eq. (A7) we can consider the differentiation of the following
functions:

d
ar ["3Iwn(”lmr)*]wn+l (Vs")]
= 2}’210,” (17,,1V)an+1(’ys}’) + ”Im”zlwnﬂ(’7m”)-]w,,+1("/s”) + y‘\‘r3]w/1(’1n1r)']wn ('))SV) (A14)

and
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dr;
a I:’r Iwu-H (’7m”)an (Vsr)]

= 21’21(0,,+1(77mr)']w” ('VSV) - '))37‘31(0,,4—1 (’7m”)Jw,,+l(Vs”) + 17111r3110n(]/’)71r)J(UH ('))SV) (AIS)

Integration of the equation resulting from the subtraction of Eq. (Al4) x y, from Eq. (AlS5) x 5, leads
to

R
J r3Iwn ('/Iﬂlr)'](/)n (VSV) = R3 [V.rlv)n (nmR)anJrl(iS) + '/ImenJrl ('/ImR)an (ié)]
0

R
-2 J (7472 L 01 o 1) + 1 o 101V o, (1) | (A16)
0
The integration on the right side of Eq. (A16) can be obtained by replacing ‘w,’ by ‘w,+ 1" in Egs.
(A12) and (A13), and substituting the related terms into Eq. (A16). Finally, Eq. (76) can be obtained by
substituting Eq. (A16) into (A7).

The integration for Eq. (A8) can be obtained by using the following procedure. We first note that:

raan (7p")

or = Pl o,—1(7p1) — Ond e, (1) (A17)

then Eq. (A8) can be integrated exactly if we know the integration of r2J, — 1(y,)Jw,(y,r) and
1o, (Vpr)Jw,, (71)-

When y,#y,, the first integration can be obtained by following the similar procedure as getting the
integration in Eq. (A6) simply by replacing the modified Bessel function by the Bessel function. The
second integration can be derived directly from Eq. (A9).

When y, = y,, the integration of rJ,, (7,r)Jw,(y,r) is given by Watson (1944)

R
1
J Van(“/SV)Jw,,(Vs") dr = ZRz[szn(/ls)Jw”()vs) - Jw,,fl(/a‘v)]wﬂrl(;ts) - Jw,Hrl(/‘Lx)anfl(is)] (A18)
0

The integration of r2J,, — 1(y,7)Js,(7,r) can be obtained by integrating the following equation and using
Eq. (A18):

d
5[1'2J(U,l(ysr)an(ysr)] = 2rd o, (Vs )W, (Vs1) — 2051 o, (V51 0, (V57 + 2))5;’2]&,”(1/51*)]&,”,1(ysr) (A19)

This completes the Fourier Bessel expansions given in Eqs. (74)—(78).
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